We describe an experiment in which the induced electromotive force in a coil caused by an accelerating magnet and the position of the moving magnet are measured as a function of the time. When the circuit is completed by adding an appropriate load resistor, a current that opposes the flux change is generated in the coil. This current causes a magnetic field in the coil which decreases the acceleration of the rising magnet, as is evident from the position versus time data. The circuit provides a direct observation of effects that are a consequence of Lenz's law. The energy dissipated by the resistance in the circuit is shown to equal the loss in mechanical energy of the system to within experimental error, thus demonstrating conservation of energy. Students in introductory physics courses have performed this experiment successfully.
I. INTRODUCTION
Many excellent demonstrations [1] [2] [3] [4] [5] and experiments [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] involving Faraday's law of electromagnetic induction have been discussed during the last several decades. In many of these experiments, relative motion between a conductor and a magnetic field occurs, and the subsequent induced electromotive force is studied as a function of the relative velocity, the number of turns in a coil, and the strength of the magnetic field. [7] [8] [9] [10] [11] [12] [13] [14] [15] Some experiments have used ac-driven primary coils and detected the induced emf in a secondary coil. 16, 17 Eddy current damping and magnetic braking also have been studied. See Refs. 18 and 19, and references therein for further discussions of this aspect of Faraday's law.
We describe an experiment in which the induced emf in a coil caused by an accelerating magnet and the position of the moving magnet are measured simultaneously as a function of the time. From these data, we show how the magnetic forces caused by the induced current in the coil affect the motion of the magnet, and show that the energy dissipated in the circuit equals the mechanical energy loss in the system. Our experiment is conceptually similar to that of Fox and Reiber, 8 who allowed a moving coil on an air track to pass through a magnetic field and found experimentally that the kinetic energy loss of the air cart was equal to the Joule heating in the circuit. Our experiment differs from theirs in that we also record the position of the magnet as a function of time. These data give us access to features not discussed elsewhere.
In the experiment, a load resistor is connected to the coil. According to Lenz's law, the current induced in the coil opposes the change in the flux caused by the moving magnet. As the magnet's north pole enters the bottom end of the coil, the induced current sets up a magnetic field with its north pole opposing the north pole of the magnet, thereby reducing the flux increase and causing a repulsive force on the magnet. As the south pole of the magnet leaves the top end of the coil, the induced current opposes the flux decrease by causing a current whose magnetic field at the top of the coil is a north pole, thereby causing an attractive force on the magnet. The small ratio of the magnet length to the coil length causes the flux change to be small while the magnet is inside the coil, and the induced emf and current are correspondingly small.
The induced emf in the coil and the position of the magnet are collected by a computer as functions of time. Data taken with the load resistor in the circuit verify the discussion in the previous paragraph. For comparison, the coil is connected directly to the voltage probe with no load resistor in the circuit. Because of the high impedance of the voltage probe, the induced current and its resulting magnetic field are negligible. Therefore, the magnetic retarding forces do not measurably affect the motion of the magnet.
II. EXPERIMENTAL DETAILS
In our experiment, four small neodymium magnets ͑PASCO model EM-8648͒ 20 are combined to form a single magnet that acts as a single mass m of an Atwood's machine. A counterweight of mass M (M Ͼm) serves as the other mass. Figure 1 shows a photograph of the apparatus. A load resistor can be added to or removed from the circuit with a switch at the bottom of the apparatus. The pulley is a photogate/pulley system ͑PASCO model ME-6838͒. The top of the magnet is initially placed 0.10 m below the coil and released from rest. The magnet passes through the coil ͑sec-ondary coil of PASCO's coil set, model SE-8653͒ and induces an emf in the coil. The emf is measured by an analog port of the PASCO 6510 Interface, and the photogate status is monitored by a digital port of the same interface.
The values for the relevant quantities used for these experiments are shown in Table I . The uncertainties reported are not statistical, but are determined by instrument resolution. ͑In a single 3-h laboratory, there is not sufficient time for statistical measurements.͒ When no uncertainty is reported, none was provided by the manufacturer. The uncertainties in these quantities are reported for completeness. They are not, however, the major contributers to the uncertainties in the final results, as we will discuss. Notice that the open circuit voltage is the largest, the voltage across R S is the smallest, and the voltage across R I lies between the two. In our apparatus, the magnitude of the induced emf as the magnet leaves the coil is greater than that when the magnet enters the coil because of the magnet's increased velocity. This greater velocity creates a more rapidly changing flux and a larger emf in accordance with Faraday's law.
III. RESULTS AND ANALYSIS
Also notice that the time interval between the maximum voltage and the minimum voltage increases as the resistance decreases. This observation indicates that the average velocity for the magnet decreases as the load resistance decreases. The decrease in the average velocity indicates the presence of forces that oppose the motion. These forces are the repulsive force upon entering the coil and the attractive force upon exiting the coil, as discussed in Sec. I. Here N is the number of turns on the coil, and ⌽ is the flux through a single turn. Straight lines have been constructed to indicate the slope where the flux change is maximum and where it is minimum. The times for the maximum and minimum flux change are 1.28 and 1.64 s, respectively. As expected, these results correspond to the times for the maximum and minimum values of the potential difference in Fig.  2 ; the slopes are equal to the maximum and minimum potential difference values. Near the center of the coil, the flux varies slowly, and the corresponding induced emf is close to zero. As a consistency check, the integral of the emf over all time is zero to within the resolution of the equipment. Beyond these comments, many of the features of these curves depend on the specific geometries of the coil and the magnet. Figure 4 shows a graph of current versus time for the load resistors R S and R I . ͑The current with no load resistor in the circuit is very nearly zero because the internal resistance of the voltmeter is ϳ10 6 ⍀.) The current is given by
where V L is the potential difference across the load resistor ͑or coil͒, and R L is R S or R I . Again, note that the time interval between the maximum current and the minimum current increases as the resistance decreases.
The observation of the time interval change caused by the retarding forces on the magnet leads naturally to a consider- ation of the kinetics of the system and energy changes in the system. The retarding forces on the magnet cause the kinetic energy to be less than that with no load resistor present. This loss in kinetic energy must be consistent with the energy dissipated in the coil and in the load resistor. Because we wish to consider kinetic energy losses and forces on the magnet, we choose to plot the velocity squared versus the displacement, that is, 2 ϭ 0 2 ϩ2a⌬y, where is the velocity, 0 is the initial velocity, a is the acceleration, and ⌬y is the displacement. The slope of this line represents twice the acceleration, which is directly proportional to the force on the magnet. Figure 5 shows a graph of 2 vs ⌬y with no load resistor, an intermediate load resistor R I , and a small load resistor R S . With no load resistor, the induced current in the coil is very small due to the large resistance of the voltage probe. The magnetic field is so small that there is no detectable change in the acceleration of the magnet as it passes through the coil. For the intermediate load resistor, the induced current in the coil produces a larger magnetic field that opposes the flux change, thereby producing a repulsive force that measurably decreases the acceleration of the magnet as it enters the coil. While the magnet is inside the coil, the flux change is small, almost no current exists, and the magnet resumes its nearly constant acceleration. As the magnet leaves the coil, the induced current again opposes the flux change, this time resulting in an attractive force that again decreases the acceleration of the magnet. The two kinks in Fig. 5 ͑open circles and closed circles͒ at xϭ0.1 m and x ϭ0.22 m correspond to the magnet entering the coil and leaving the coil. While the magnet is far from the coil on either side, no significant induced currents or forces exist, and the system behaves as a conventional Atwood's machine with nearly constant acceleration.
For the circuit using R S , the situation is very much the same as for the circuit using R I , except that the smaller value for the load resistor results in a larger induced current, larger repulsive and attractive forces, and a greater change in the acceleration. In fact, for R S ͑closed circles͒, the second kink (xϭ0.22 m) clearly shows that the retarding forces are larger in magnitude than the accelerating forces on the Atwood machine, and that they produce a negative acceleration for a short distance, that is, the velocity decreases, reaches a minimum, and then increases within a short distance. ͑The expanded view in Fig. 5 shows this feature more clearly.͒ These kinks are clear evidence that forces arising from the induced currents cause measurable effects on the motion of the magnet. Our analysis of energy conservation relies on the fact that the apparatus behaves as a ordinary Atwood machine when no load resistor is in the circuit. When a load resistor is in the circuit, the retarding forces discussed earlier decrease the kinetic energy of the system, and the currents generated give rise to Joule heating in the load resistor and in the coil. If frictional losses and potential energy changes are the same for each case, the kinetic energy differences with and without a load resistor can be simply related to the energy dissipated by Joule heating.
To analyze energy conservation quantitatively, we use the work-energy theorem, which states that
Wϭ⌬Uϩ⌬K, ͑1͒
where W is the work done by nonconservative forces, U is the gravitational potential energy, and K is the kinetic energy.
The most dominant nonconservative forces in our experiment are friction in the pulley bearing and dissipative forces that ultimately convert mechanical energy into Joule heating. Therefore, the work-energy theorem may be written as
where W d (R L ) is the work done by the material dissipative force, W f is the work done by the frictional force in the pulley bearing, ⌬U is the change in potential energy, and K(R L ) is the change in kinetic energy. ͑The initial kinetic energy for each data set is zero.͒ Note that W d and K are functions of R L , which can be R S , R I , or an open circuit. Our experiment is carried out such that W f and ⌬U are the same whether or not the load resistor is in the circuit. Therefore, if we subtract Eq. ͑2͒ without a load resistor from Eq. ͑2͒ with a load resistor present, we obtain
where K(0) is the change in kinetic energy with no load resistor in the circuit and W d (0) is approximately zero. The kinetic energy of the system is given by
Here is the velocity of the magnet after traveling a distance ⌬y, L is the length of the connecting string, I p is the moment of inertia of the pulley, is the string's linear mass density, and p is the angular velocity of the pulley. Only ͑and p through its dependence on ͒ will vary with a change in the load resistance. The first term in Eq. ͑4͒ is the kinetic energy of the counterweight and magnet, the second term is the kinetic energy of the pulley, and the third term is the kinetic energy of the connecting string. For each data set, the magnet is released from rest 0.1 m below the coil and is tracked through the same distance ͑ϳ0.50 m͒. Therefore, the change in the gravitational potential energy is the same whether a load resistor is present or not provided that ⌬y is the same for each case. The fitted lines in Fig. 5 all cover the same distance from 0.29 m to 0.50 m, so ⌬yϭ0.21 m for each data set. The slopes of the fitted lines in Fig. 5 are ͑0.548Ϯ0.004͒ m/s 2 when R S is in the circuit, ͑0.548Ϯ0.003͒ m/s 2 when R I is in the circuit, and ͑0.548Ϯ0.006͒ m/s 2 for the open circuit. ͑The uncertainties in the slopes are those reported by the fitting program.͒ This level of agreement means that the velocity dependence of the frictional forces is negligible for this experiment and that the frictional forces overall are approximately the same ͑about one-third the value of the resistive losses for R S as determined from a separate calculation͒.
If we substitute numbers into Eq. ͑4͒ and use these results in Eq. ͑3͒, the result for
͑0͒ is the velocity with no load resistor in the circuit and (R L ) is the velocity with a load resistor. By averaging the point-by-point differences in the actual data between 0.29 m and 0.50 m in Fig. 5 , the kinetic energy difference when R S is in the circuit is (Ϫ6.76Ϯ0.44)ϫ10 Ϫ4 J, whereas when R I is in the circuit, the kinetic energy difference is (Ϫ3.73 Ϯ0.34)ϫ10 Ϫ4 J. To obtain the energy loss from Joule heating, we first calculate P(t)ϭi Figure 6 shows the power dissipated in each circuit as a function of time. As expected, the larger power dissipation in the entire circuit occurs for the smaller of the two load resistors because the current is nearly doubled, whereas the resistance is approximately halved. ͑Again, the longer time between the peaks for the larger current is evident.͒ The total dissipated energy, the integral of P(t) over t, Fig. 6 . Power vs time for R S ϭ8.51 ⍀ and R I ϭ74.9 ⍀. The energy dissipated in the circuit is calculated by numerically integrating each of these two curves. ͑The first peaks were aligned to illustrate clearly the time interval differences.͒ is calculated numerically using PSI-Plot. 21 For the small load resistor, the total dissipated energy is (6.78Ϯ0.17) ϫ10 Ϫ4 J, and for the intermediate load resistor, the total dissipated energy is (3.91Ϯ0.01)ϫ10
Ϫ4 J. The uncertainties in the energy dissipated for each load resistor are calculated by determining the average fluctuation in the potential difference when the magnet is not near the coil. ͑These fluctuations are too small to be observed in Fig. 2 .͒ The first 0.5 s is used for this purpose, and the average fluctuation of Ϯ0.0016 V is observed to be approximately constant for all values of the potential difference. The current, power, and energy for each load resistor is recalculated using the potential difference in Fig. 2 with 0.0016 V added to or subtracted from those values. The average energy differences are reported as the uncertainties in Table II . The smaller uncertainty for the intermediate load resistor results from its larger potential difference, which, for a constant fluctuation, yields a smaller uncertainty.
IV. DISCUSSION AND CONCLUSION
We have presented a straightforward experiment that demonstrates qualitatively and quantitatively several aspects of Faraday's law of electromagnetic induction and Lenz's law, while also verifying conservation of energy. Specifically, several features are clear. ͑1͒ The magnitude of the induced emf increases as the magnet leaves the coil because the velocity of the magnet is larger, thereby producing larger flux changes per unit time. ͑2͒ The force produced by the interaction of the induced magnetic field in the coil with the magnet is large enough to decrease the magnet's acceleration and, in at least one case, to decrease the magnet's velocity. ͑3͒ The time required for the magnet to traverse the coil increases as the load resistance is decreased because the average velocity is reduced for the latter case. The increase in the separation of the peaks in Figs. 2 , 4, and 6 shows this effect. ͑4͒ The loss in mechanical energy equals the energy dissipated as Joule heating in the circuit, clearly demonstrating energy conservation in this process.
We have used this experiment for students in our algebraand calculus-based introductory laboratories, but the experiment can easily be adapted for more advanced students. For example, students in an advanced laboratory could consider additional aspects of this experiment such as calculating the magnetic field along the axis of the solenoid and determining the magnetic force acting on the magnet. If somewhat higher position resolution were used, a more detailed analysis of the accelerations and forces could be performed and compared to the calculated forces. We note that this experiment resembles the standard example of pulling a loop of wire through a magnetic field at constant velocity, where it is shown that the power dissipated in the resistor is equal to the mechanical power required to pull the loop through the region of the magnetic field. 22 In our experiment, an otherwise nearly constant acceleration is changed by the magnet moving through a coil as induced currents develop, creating forces that oppose the magnet's motion and decrease its acceleration. a͒ Electronic mail: ltwood@uh.edu 1
